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Abstract
The main goal of this paper is the development of the MRA theory in L2(Qp). We described a wide class
of p-adic refinement equations generating p-adic multiresolution analyses. A method for the construction
of p-adic orthogonal wavelet bases within the framework of the MRA theory is suggested. A realization of
this method is illustrated by an example which gives a new 3-adic wavelet basis. Another realization leads
to the p-adic Haar bases which were known before.
c© 2009 Published by Elsevier Inc.
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1. Introduction
According to the well-known Ostrovsky theorem, any nontrivial valuation on the field Q is
equivalent either to the real valuation | · | or to one of the p-adic valuations | · |p. This p-adic
norm | · |p is defined as follows: if an arbitrary rational number x 6= 0 is represented as x = pγ mn ,
where γ = γ (x) ∈ Z and the integers m, n are not divisible by p, then
|x |p = p−γ , x 6= 0, |0|p = 0.
∗ Corresponding author.
E-mail address: skopina@MS1167.spb.edu (M. Skopina).
0021-9045/$ - see front matter c© 2009 Published by Elsevier Inc.
doi:10.1016/j.jat.2008.08.008
A.Yu. Khrennikov et al. / Journal of Approximation Theory 161 (2009) 226–238 227
The norm | · |p satisfies the strong triangle inequality |x + y|p ≤ max(|x |p, |y|p) and is non-
Archimedean. The fieldQp of p-adic numbers is defined as the completion of the field of rational
numbers Q with respect to the norm | · |p.
Thus there are two equal in rights universes: the “real universe” and the “p-adic one”. The
latter has specific and unusual properties.
In the “real universe” a sensation happened in the early nineties because a general scheme
for the construction of wavelets was developed. This scheme is based on the notion of
multiresolution analysis (MRA in the sequel) introduced by Meyer and Mallat [12–14].
Immediately specialists started to implement new wavelet systems. Nowadays it is difficult to
find an engineering area where wavelets are not applied.
In the p-adic setting, the situation is the following. In 2002 Kozyrev [10] found an
orthonormal compactly supported p-adic wavelet basis for L2(Qp)
θk; ja(x) = p− j/2χp
(
p−1k(p j x − a)
)
Ω
(
|p j x − a|p
)
, x ∈ Qp, (1)
k = 1, . . . , p − 1, j ∈ Z, a ∈ Ip = Qp/Zp, which is an analog of the real Haar basis.
Multidimensional p-adic bases obtained by directly multiplying out the wavelets (1) were
considered in [1], but, generally speaking, this is not a wavelet basis. The authors of [7,8] found
the following new type of p-adic wavelet basis:
θ
(m)
s; ja(x) = p− j/2χp
(
s(p j x − a)
)
Ω
(
|p j x − a|p
)
, x ∈ Qp, (2)
where m ≥ 1 is a fixed positive integer; s = p−m (s0 + s1 p + · · · + sm−1 pm−1), sr =
0, . . . , p − 1, r = 0, . . . ,m − 1, s0 6= 0; j ∈ Z, a ∈ Ip. Unfortunately, the number of
generating wavelet functions is not minimal here; for example, we have 2m−1 wavelet functions
in the case p = 2 (instead of one as for (1) and for classical wavelet bases in real analysis).
It turned out that the p-adic wavelets mentioned above are eigenfunctions of p-adic pseudo-
differential operators [1,2,8,11]. Thus the spectral theory of p-adic pseudo-differential operators
is concerned with the wavelet theory. On the other hand, it is well known that a large number of
models connected with p-adic differential equations use pseudo-differential operators (see [6,9,
17] and the references therein). These facts imply that a study of wavelets is important and gives
a new powerful technique for solving p-adic problems (some areas of applications can be found
in [6,9,17]).
Nevertheless, in the cited papers, a theory describing common properties of p-adic wavelet
bases and giving general methods for their construction was not developed. In [4,3] a method
for finding wavelet bases in L2(G) was suggested (G is a locally compact abelian group with
compact open subgroups). The method is based on the theory of wavelet sets. Only wavelet
functions whose Fourier transforms are characteristic functions may be constructed by means
of their method. These authors write “our method is not classical multiresolution analysis
reformulated for G” [4]. Also, they note “Kozyrev [10] produced one specific set of wavelet
generators, analogous to Haar wavelets on Rd , using a discrete set of translation operators which
do not form a group. However, . . . those operators allow the Haar wavelets, but they preclude
the possibility of general theory of wavelet sets or multiresolution analysis in L2(Qp)” [3], and
“there are substantial obstacles to generalizing Kozyrev’s method to produce other wavelets, even
for Qp” [4].
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To construct a p-adic analog of a classical MRA we need a proper p-adic refinement equation.
In [7] the following conjecture was proposed: the equality
φ(x) =
p−1∑
r=0
φ
(
1
p
x − r
p
)
, x ∈ Qp, (3)
may be considered as a refinement equation. A solution φ to this equation (a refinable function)
is the characteristic function Ω
(|x |p) of the unit disc. Eq. (3) reflects a natural “self-similarity”
of the space Qp: the unit disc B0(0) = {x : |x |p ≤ 1} is represented as a sum of p mutually
disjoint discs
B0(0) = B−1(0) ∪
(
p−1⋃
r=1
B−1(r)
)
,
where B−1(r) =
{
x : |x − r |p ≤ p−1
}
(see [17, I.3, Examples 1,2]). Eq. (3) is an analog of
the refinement equation generating the Haar MRA in the real analysis. Using this idea, and in
spite of the above opinions and remarks from [4,3], the notion of p-adic MRA was introduced
and a general scheme for its construction was described in [16]. The scheme was realized for
constructing 2-adic Haar MRA using (3) as the generating refinement equation. In contrast to
the real setting case, the refinable function φ generating the Haar MRA is periodic, which never
holds for real refinable functions. Due to this, there exist infinitely many different orthonormal
wavelet bases in the same Haar MRA. One of them coincides with Kozyrev’s wavelet basis.
In the present paper, we study p-adic refinement equations generating MRAs and describe a
method for the construction of MRA-based wavelets.
Here and in what follows, we shall use the notation and the results from the book [17]. Let
N, Z, C be the sets of positive integers, integers, complex numbers, respectively. The canonical
form of any p-adic number x ∈ Qp, x 6= 0, is
x = pγ (x0 + x1 p + x2 p2 + · · · ), (4)
where γ = γ (x) ∈ Z, x j = 0, . . . , p−1, x0 6= 0, j = 0, 1, . . .. The fractional part of a number
x ∈ Qp (given by (4)) is defined as follows:
{x}p =
{
0, if γ (x) ≥ 0 or x = 0,
pγ (x0 + x1 p + x2 p2 + · · · + x−γ−1 p−γ−1), if γ (x) < 0.
Denote by Bγ (a) = {x ∈ Qp : |x − a|p ≤ pγ } the disc of radius pγ with the center at a point
a ∈ Qp, γ ∈ Z. For any two balls in Qp, either they are disjoint or one contains the other.
There exists the Haar measure dx on Qp which is positive, invariant under the shifts,
i.e., d(x + a) = dx , and normalized by ∫|ξ |p≤1 dx = 1. A complex-valued function f defined
on Qp is called locally constant if for any x ∈ Qp there exists an integer l(x) ∈ Z such that
f (x + y) = f (x) for all y ∈ Bl(x)(0). Denote by D(Qp) the linear spaces of locally constant
compactly supported functions (so-called test functions) [17, VI.1.,2.]. The Fourier transform of
ϕ ∈ D(Qp) is defined by
ϕ̂(ξ) = F[ϕ](ξ) =
∫
Qp
χp(ξ x)ϕ(x) dx, ξ ∈ Qp,
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where χp(ξ x) = e2pi i{ξ x}p is the additive character of the field Qp. The Fourier transform
is extended to L2(Qp) in a standard way. If f ∈ L2(Qp), 0 6= a ∈ Qp, b ∈ Qp,
then [17, VII, (3.3)]
F[ f (ax + b)](ξ) = |a|−1p χp
(
−b
a
ξ
)
F[ f (x)]
(
ξ
a
)
. (5)
According to [17, IV, (3.1)],
F[Ω(p−k | · |p)](x) = pkΩ(pk |x |p), k ∈ Z, x ∈ Qp, (6)
where Ω(t) = 1 for t ∈ [0, 1]; Ω(t) = 0 for t 6∈ [0, 1].
2. Multiresolution analysis
Set Ip =
{
a ∈ Qp : {a}p = a
}
. It is well known that Qp has the following “natural”
decomposition to a union of mutually disjoint discs:
Qp =
⋃
a∈Ip
B0(a).
So, Ip is a “natural” set of shifts for Qp.
Definition 2.1 ([16]). A collection of closed spaces V j ⊂ L2(Qp), j ∈ Z, is called a
multiresolution analysis (MRA) in L2(Qp) if the following axioms hold:
(a) V j ⊂ V j+1 for all j ∈ Z;
(b)
⋃
j∈Z V j is dense in L2(Qp);
(c)
⋂
j∈Z V j = {0};
(d) f (·) ∈ V j ⇐⇒ f (p−1·) ∈ V j+1 for all j ∈ Z;
(e) there exists a function φ ∈ V0 such that the system {φ(·−a), a ∈ Ip} is an orthonormal basis
for V0.
The function φ from axiom (e) is called scaling. It follows immediately from axioms (d) and
(e) that the functions p j/2φ(p− j · −a), a ∈ Ip, form an orthonormal basis for V j , j ∈ Z.
According to the standard scheme (see, e.g., [15, Section 1.3]) for construction of MRA-based
wavelets, for each j , we define a space W j (wavelet space) as the orthogonal complement of V j
in V j+1, i.e., V j+1 = V j ⊕W j , j ∈ Z, where W j ⊥ V j , j ∈ Z. It is not difficult to see that
f ∈ W j ⇐⇒ f (p−1·) ∈ W j+1, for all j ∈ Z (7)
and W j ⊥ Wk , j 6= k. Taking into account axioms (b) and (c), we obtain⊕
j∈Z
W j = L2(Qp) (orthogonal direct sum). (8)
If now we find a finite number of functions ψ (ν) ∈ W0, ν ∈ A, such that the system
{ψ (ν)(x − a), a ∈ Ip, ν ∈ A} is an orthonormal basis for W0, then, due to (7) and (8), the
system
{p j/2ψ (ν)(p− j · −a), a ∈ Ip, j ∈ Z, ν ∈ A},
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is an orthonormal basis for L2(Qp). Such functions ψ (ν) are called wavelet functions and the
basis is a wavelet basis.
Let φ be a scaling function for a MRA. As was mentioned above, the system {p1/2φ(p−1 ·
−a), a ∈ Ip} is a basis for V1. It follows from axiom (a) that
φ =
∑
a∈Ip
βaφ(p
−1 · −a), βa ∈ C. (9)
We see that the function φ is a solution of a special kind of functional equation. Such equations
are called refinement equations, and their solutions are called refinable functions.1
A natural way of constructing a MRA (see, e.g., [15, Section 1.2]) is the following. We start
with an appropriate function φ whose Ip-shifts form an orthonormal system and set
V j = span
{
φ
(
p− j · −a) : a ∈ Ip}, j ∈ Z. (10)
It is clear that axioms (d) and (e) of Definition 2.1 are fulfilled. Of course, not any such
function φ provides axiom (a). In the real setting, the relation V0 ⊂ V1 holds if and only if the
scaling function satisfies a refinement equation. The situation is different for p-adics. Generally
speaking, a refinement equation (9) does not imply the including property V0 ⊂ V1 because
the set of the shifts Ip does not form a group. Indeed, we need all the functions φ(· − b),
b ∈ Ip, to belong to the space V1, i.e., the identities φ(x − b) = ∑a∈Ip αa,bφ(p−1x − a)
should be fulfilled for all b ∈ Ip. Since p−1b + a is not in Ip in general, we cannot state that
φ(x−b) =∑a∈Ip αa,bφ(p−1x− p−1b−a) ∈ V1 for all b ∈ Ip. Nevertheless, some refinement
equations imply the including property, which may happen because of different causes.
The refinement equation (3) is a particular case of (9).
3. Construction of refinable functions
Now we are going to study p-adic refinement equations and their solutions. We restrict
ourselves, by the refinement equation (9), with a finite number of the terms in the right-hand
side:
φ(x) =
ps−1∑
k=0
βkφ
(
1
p
x − k
ps
)
. (11)
If φ ∈ L2(Qp), taking the Fourier transform and using (5), one can rewrite (11) as
φ̂(ξ) = m0
(
ξ
ps−1
)
φ̂(pξ), (12)
where
m0(ξ) = 1p
ps−1∑
k=0
βkχp(kξ) (13)
is a trigonometric polynomial. It is clear that m0(0) = 1 whenever φ̂(0) 6= 0.
1 Usually the terms “scaling function” and “refinable function” are synonyms in the literature, and they are used for
both the senses: as a solution to a refinement equation and as a function generating MRA. We separate the meanings of
these terms.
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Theorem 3.1. If φ ∈ L2(Qp) is a solution of refinement equation (11) and supp φ̂ ⊂ B0(0),
then axiom (a) from Definition 2.1 holds for the spaces (10).
Proof. Since χp(−ξ) = 1 for ξ ∈ B0(0), we have χp(−ξ)φ̂(ξ) = φ̂(ξ). Applying the Fourier
transform, we obtain φ(x + 1) = φ(x). So, φ is a 1-periodic function. Since either ap + kps ∈ Ip
or ap + kps − 1 ∈ Ip for any a ∈ Ip and any k = 0, . . . , ps − 1, due to the 1-periodicity of φ, it
follows from (11) that φ(x − b) ∈ V1 for all b ∈ Ip. This implies V0 ⊂ V1; similarly V j ⊂ V j+1
for any j ∈ Z. 
Theorem 3.2. Let φ ∈ L2(Qp) be a solution of refinement equation (11) and supp φ̂ ⊂ B0(0).
Axiom (b) of Definition 2.1 holds for the spaces (10) (i.e., ∪ j∈Z V j = L2(Qp)) if and only if⋃
j∈Z
supp φ̂(p j ·) = Qp. (14)
Proof. First of all we note that, due to axioms (d) and (e), each space V j is invariant with respect
to the shifts t = p j a, a ∈ Ip. Show that the space ∪ j∈Z V j is invariant with respect to any shift
t ∈ Qp. Every t ∈ Qp may be approximated by a vector p j a, a ∈ Ip, with arbitrarily large
j ∈ Z. If f ∈ ∪ j∈Z V j , by axiom (a) (which holds due to Theorem 3.1), then f ∈ V j for all
j ≥ j1. It follows from the continuity of the function ‖ f (· + t)‖2 that f (· + t) ∈ ∪ j∈Z V j . Now
let t ∈ Qp. If g ∈ ∪ j∈Z V j , then approximating g by the functions f ∈ ∪ j∈Z V j , again using the
continuity of the shift operator and the invariance of the L2 norm with respect to the shifts, we
derive g(· + t) ∈ ∪ j∈Z V j . For X ⊂ L2(Qp), set X̂ = { f̂ : f ∈ X}. By the Wiener theorem
for L2 (see, e.g., [15]; all the arguments of the proof given there may be repeated word for word
replacing R by Qp), a closed subspace X of the space L2(Qp) is invariant with respect to the
shifts if and only if X̂ = L2(Ω) for some set Ω ⊂ Qp. Let X = ∪ j∈Z V j ; then X̂ = L2(Ω).
Thus X = L2(Qp) if and only if Ω = Qp. Set φ j = φ(p− j ·),Ω0 = ∪ j∈Z supp φ̂ j and prove
that Ω = Ω0. Since φ j ∈ V j , j ∈ Z, we have supp φ̂ j ⊂ Ω , and hence Ω0 ⊂ Ω . Now assume
that Ω \ Ω0 contains a set of positive measure Ω1. If f ∈ V j , taking the Fourier transform from
the expansion f = ∑a∈Ip haφ(p− j · −a) we see that f̂ = 0 almost everywhere on Ω1. Hence
the same is true for any f ∈ ∪ j∈Z V j . Passing to the limit we deduce that the Fourier transform
of any f ∈ X is equal to zero almost everywhere on Ω1, i.e., L2(Ω) = L2(Ω0). It remains to
note that supp φ̂ j = supp φ̂(p j ·) 
A real analog of Theorem 3.2 was proved by de Boor, DeVore and Ron in [5].
Theorem 3.3. If φ ∈ L2(Qp) and the system {φ(x − a) : a ∈ Ip} is orthonormal, then
axiom (c) of Definition 2.1 holds, i.e., ∩ j∈Z V j = {0}.
Proof. First, using the standard scheme (see, e.g., [15, Lemma 1.2.8.]), we prove that for any
f ∈ L2(Qp)
lim
j→−∞
∑
a∈Ip
∣∣∣( f, p j/2φ(p− j · −a))∣∣∣2 = 0, (15)
where (·, ·) is the scalar product in L2(Qp). Since the space D(Qp) is dense in L2(Qp) [17,
VI.2], it suffices to prove (15) for any ϕ ∈ D(Qp). If ϕ ∈ D(Qp), then there exists N such that
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ϕ(x) = 0 for all |ξ |p > pN . Since |ϕ(x)| ≤ M for all |ξ |p ≤ pN , we have∑
a∈Ip
∣∣∣(ϕ(·), p j/2φ(p− j · −a))∣∣∣2 ≤ p j ∑
a∈Ip
(∫
|x |p≤pN
|ϕ(x)||φ(p− j x − a)| dx
)2
≤ p j+N M2
∑
a∈Ip
∫
|x |p≤pN
|φ(p− j x − a)|2 dx .
By the change of variables η = p− j x − a, we obtain∑
a∈Ip
∣∣∣(ϕ, p j/2φ(p− j · −a))∣∣∣2 ≤ M2 pN ∫
AN j
|φ(η)|2 dη = M2 pN
∫
Qp
θN j (η)|φ(η)|2 dη,
where θN j is the characteristic function of the set
AN j =
⋃
a∈Ip
{η : |η + a|p ≤ 2N+ j }.
Since lim j→−∞ θN j (η) = 0 for any η 6= −a, using Lebesgue’s dominated convergence
theorem [17, IV.4], we obtain
lim
j→−∞
∫
Qp
θN j (η)|φ(η)|2 dη = 0.
If now we assume that f ∈ ∩ j∈Z V j , then f ∈ V j for all j ∈ Z and, due to (15),
‖ f ‖ =
∑
a∈Ip
∣∣∣( f, p j/2φ(p− j · −a))∣∣∣2
1/2 → 0, j →−∞,
i.e., ‖ f ‖ = 0, which was to be proved. 
A real analog of Theorem 3.3 is well known.
Theorem 3.4. Let φ be a refinable function such that supp φ̂ ⊂ B0(0). If |φ̂(ξ)| = 1 for all
ξ ∈ B0(0) then the system {φ(x − a) : a ∈ Ip} is orthonormal.
Proof. Taking into account (6), using the inclusion supp φ̂ ⊂ B0(0) and the Plancherel formula,
we have for any a ∈ Ip
(φ(·), φ(· − a)) =
∫
Qp
φ(x)φ(x − a) dx =
∫
B0(0)
|φ̂(ξ)|2χp(aξ) dξ
=
∫
B0(0)
χp(aξ) dξ =
∫
Qp
Ω(|ξ |p)χp(aξ) dξ = Ω(|a|p) = δa0. 
So, to construct a MRA we can take a function φ for which the hypotheses of Theorem 3.4
and (14) are fulfilled. Next we are going to describe all such functions.
Proposition 3.5. If φ ∈ L2(Qp) is a solution of refinement equation (11), φ̂(ξ) is continuous at
the point 0 and φ̂(0) 6= 0, then
φ̂(ξ) = φ̂(0)
∞∏
j=1
m0
(
ξ
ps− j
)
. (16)
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Proof. Iterating (12) N times, N ≥ 1, we have
φ̂(ξ) =
N∏
j=1
m0
(
ξ
ps− j
)
φ̂(pN ξ). (17)
Taking into account that φ̂(ξ) is continuous at the point 0 and the fact that |pN ξ |p = p−N |ξ |p →
0 as N →+∞ for any ξ ∈ Qp, we obtain (16). 
Proposition 3.6. If φ̂ is defined by (16), where m0 is a trigonometric polynomial (13), m0(0) =
1, then (12) holds. Furthermore, if ξ ∈ Qp such that |ξ |p = p−n , then φ̂(ξ) = φ̂(0) for n ≥ s−1,
and
φ̂(ξ) = φ̂(0)
s−n−1∏
j=1
m0
(
ξ
ps− j
)
= φ̂(0)
s−n−1∏
j=1
m0
(
ξ˜
ps− j
)
= φ̂(ξ˜ ) (18)
where ξ˜ = ξn pn + ξn+1 pn+1 + · · · + ξs−2 ps−2, ξn 6= 0, for n ≤ s − 2.
Proof. Relation (16) implies φ̂(pξ) = φ̂(0)∏∞j=1 m0 ( ξps− j−1 ) and, consequently, (12). Let
n ≤ s − 2, |ξ |p = p−n , i.e., ξ = ξn pn + ξn+1 pn+1 + · · · , ξn 6= 0. Since χp
(
kξ ′
ps− j
)
= 1
whenever ξ ′ ∈ B−s+1(0), j ∈ N, k = 0, . . . , ps − 1, and χp
(
kξ
ps− j
)
= 1 whenever j ≥ s − n,
we have (18). It is clear that φ̂(ξ) = φ̂(0) for n ≥ s − 1. 
Corollary 3.7. The function φ̂ from Proposition 3.6 is locally constant. Moreover, if M ≥
−s + 2, supp φ̂ ⊂ BM (0), then for all k = 0, . . . , pM+s−1 − 1 and for all x ∈ Bs−1
(
k
pM
)
we have φ̂(x) = φ̂
(
k
pM
)
.
Proposition 3.8. Let φ̂ be defined by (16), where m0 is a trigonometric polynomial (13). If
m0(0) = 1, m0
(
k
ps
)
= 0 for all k = 1, . . . , ps − 1 which are not divisible by p, then
supp φ̂ ⊂ B0(0), φ̂ ∈ L2(Qp). If, furthermore,
∣∣∣m0 ( kps )∣∣∣ = 1 for all k = 1, . . . , ps − 1
which are divisible by p, then |φ̂(x)| = |φ̂(0)| for any x ∈ B0(0).
Proof. By Proposition 3.6, φ̂ satisfies (12) and (18). Let us check that φ̂(ξ) = 0 for all ξ such that
|ξ |p = pM , M ≥ 1. It follows from (12) that it suffices to consider only M = 1. Let |ξ |p = p,
i.e., ξ = 1p ξ−1 + ξ0 + ξ1 p + · · · + ξs−2 ps−2 + ξ ′, where ξ−1 6= 0, ξ ′ ∈ B−s+1(0). In view of
(18), we have φ̂(ξ) = φ̂(ξ˜ ) = φ̂
(
k
p
)
, where k = ξ−1 + ξ0 p+ ξ1 p2 + · · · + ξs−2 ps−1, ξ−1 6= 0.
Note that the first factor of the product in (18) is m0
(
k
ps
)
= 0. Thus φ̂(ξ) = 0 for all ξ such that
|ξ |p = p. The rest of the statements follow from Propositions 3.5 and 3.6. 
Due to Theorems 3.1–3.4, the refinable functions with masks satisfying the hypotheses of
Proposition 3.8 generate MRAs. Next, we will see that all properties of a mask m0 described
in Proposition 3.8 are necessary for the corresponding refinable function φ to be such that
supp φ̂ ⊂ B0(0) and the system {φ(x − a) : a ∈ Ip} is orthonormal.
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Theorem 3.9. Let φ̂ be defined by (16), where m0 is a trigonometric polynomial (13). If
supp φ̂ ⊂ B0(0) and the system {φ(x−a) : a ∈ Ip} is orthonormal, then |m0( kps )| = 0 whenever
k is not divisible by p, and |m0( kps )| = 1 whenever k is divisible by p, k = 1, . . . , ps − 1.
Proof. Let a ∈ Ip. Due to the orthonormality of {φ(x − a) : a ∈ Ip}, using the Plancherel
formula and Corollary 3.7, we have
δa0 = (φ(·), φ(· − a)) =
∫
Qp
φ(x)φ(x − a) dx =
∫
B0(0)
|φ̂(ξ)|2χp(aξ) dξ
=
ps−1−1∑
k=0
∫
|ξ−k|p≤p−s+1
|φ̂(ξ)|2χp(aξ) dξ =
ps−1−1∑
k=0
|φ̂(k)|2
∫
|ξ−k|p≤p−s+1
χp(aξ) dξ
=
ps−1−1∑
k=0
|φ̂(k)|2χp(ak)
∫
|ξ |p≤p−s+1
χp(aξ) dξ
= 1
ps−1
Ω(|ps−1a|p)
ps−1−1∑
k=0
|φ̂(k)|2χp(ak).
Since Ω(|ps−1a|p) 6= 0 for all a ∈ B−s+1(0), this yields
1
ps−1
ps−1−1∑
k=0
|φ̂(k)|2χp(ak) = δa0, a = 0, 1
ps−1
, . . . ,
ps−1 − 1
ps−1
.
Consider these equalities as a linear system with respect to the unknowns zk = |φ̂(k)|2. It is
well known that the system has a unique solution zk = 1, k = 0, . . . , ps−1 − 1, i.e., |φ̂(k)| = 1
for all k = 0, . . . , ps−1 − 1. In particular, it follows that |φ̂(0)|2 = 1, which reduces (16) to
φ̂(ξ) = m0
(
ξ
ps−1
)
m0
(
ξ
ps−2
)
· · ·m0 (ξ) . (19)
Let us check that |m0( kps )| = 1 for all k divisible by p, k = 1, . . . , ps−1 − 1. This is
equivalent to |m0( kpN )| = 1 whenever N = 1, . . . , ps−1, k = 1, . . . , pN − 1, k is not divisible
by p. We will prove this statement by induction on N . For the inductive base with N = 1,
note that 1 = |φ̂(ps−2)| = |m0( 1p )|. For the inductive step, assume that |m0( kpn )| = 1 for all
n = 1, . . . , N , N ≤ s−2, k = 1, . . . , pn−1, k is not divisible by p. Using (19) and 1-periodicity
of m0, we have
1 =
∣∣∣φ̂ (lps−N−2)∣∣∣ = ∣∣∣∣m0 ( lpN+1
)
m0
(
l
pN
)
· · ·m0
(
l
pN−s+2
)∣∣∣∣ = ∣∣∣∣m0 ( lpN+1
)∣∣∣∣ ,
for all l = 1, . . . , pN+1 − 1, l is not divisible by p. Now assume that m0( kps ) 6= 0 for some
k = 1, . . . , ps − 1 not divisible by p. Since φ̂( kp ) = 0, due to (19), there exists n = 1, . . . , s
such that m0( kps−n ) = 0, which contradicts the assumption |m0( kps−n )| = 1. 
We have investigated the refinable functions; the Fourier transform of each of them is
supported in the unit disk B0(0). Such functions provide axiom (a) of Definition 2.1 because
of a trivial argument given in Theorem 3.1. If supp φ̂ 6⊂ B0(0), generally speaking, the relation
φ(· − a) ∈ V1 does not follow from the refinability of φ for all a ∈ Ip because Ip is not a group.
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Nevertheless, we observed that some such refinable functions also provide axiom (a). Let p = 2,
s = 3, φ be defined by (16), where m0 is given by (13), m0(1/4) = m0(3/8) = m0(7/16) =
m0(15/16) = 0. It is not difficult to see that supp φ̂ ⊂ B1(0), supp φ̂ 6⊂ B0(0). Evidently, axiom
(a) will be fulfilled whenever
φ
(
x − k
4
)
=
7∑
r=0
γkrφ
(
1
2
x − r
8
)
, x ∈ Q2, k = 1, 2, 3,
which is equivalent to
φ̂(ξ)χ2
(
kξ
4
)
= mk
(
ξ
4
)
φ̂(2ξ), ξ ∈ Q2, k = 1, 2, 3,
where mk(ξ) = 12
∑7
r=0 γk,rχ2(rξ). Combining this with (12) we have
φ̂(8ξ)(m0(ξ)χ2(kξ))− mk(ξ) = 0, ξ ∈ Q2, k = 1, 2, 3,
These equalities will be fulfilled for any ξ ∈ Q2 whenever they are fulfilled for ξ = l/16,
l = 0, . . . , 15. Desirable polynomials mk , k = 1, 2, 3, exist because we have φ̂( 12 ) = φ̂( 32 ) =
φ̂( 52 ) = φ̂( 92 ) = φ̂( 112 ) = φ̂( 132 ) = φ̂(1) = φ̂(5) = 0. So, we succeeded with providing
axiom (a) of Definition 2.1, but, unfortunately, φ is not a scaling function generating MRA
because axiom (e) is not valid. Moreover, it is possible to show that for any refinable function
whose Fourier transform is in B1(0) but not in B0(0) the shift system {φ(x − a) : a ∈ Ip}
is not orthogonal. We suggest the following conjecture: there do not exist compactly supported
refinable functions with mutually orthogonal shifts {φ(x−a) : a ∈ Ip} whose Fourier transforms
are not supported in B0(0).
4. Wavelet bases
Now let us discuss how to find wavelet functions if we have already a p-adic MRA generating
via a scaling function. Let the refinement equation for φ be (11). We look for wavelet functions
ψ (ν), ν = 1, . . . , p − 1, in the form
ψ (ν)(x) =
ps−1∑
k=0
γνkφ
(
1
p
x − k
ps
)
,
where the coefficients γνk are chosen such that
(ψ (ν), φ(· − a)) = 0, (ψ (ν), ψ (µ)(· − a)) = δνµδ0a, ν, µ = 1, . . . , p − 1, (20)
for any a ∈ Ip. It is clear that (20) are fulfilled for all a 6= 0, 1ps−1 , . . . , p
s−1−1
ps−1 .
Set B = 1√p (β0, . . . , βps−1)T, Gν = 1√p (γν0, . . . , γν,ps−1)T, ν = 1, . . . , p − 1,
S =

0 0 . . . 0 1
1 0 . . . 0 0
0 1 . . . 0 0
. . . . . . . . . . . . . . . .
0 0 . . . 1 0
 .
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To provide (20) for a = 0, 1
ps−1 , . . . ,
ps−1−1
ps−1 we should find vectors G1, . . . ,G p−1 such that the
matrix
U = (S0 B, . . . , S ps−1−1 B, S0G1, . . . , S ps−1−1G1, . . . , S0G p−1, . . . , S ps−1−1G p−1)
is unitary.
Example 4.1. Let s = 1. According to Proposition 3.8, set m0(0) = 1, m0
(
k
p
)
= 0 for
all odd k = 1, . . . , p − 1. Such a mask is m0(ξ) = 1p
∑p−1
k=0 χp(kξ) (here βk = 1 in (13)
and B = 1√p (1, . . . , 1)T). The corresponding refinement equation (11) coincides with the
“natural” refinement equation (3), and its solution Ω
(| · |p) is a refinable function generating
a MRA because of Theorems 3.1–3.4. To find wavelets we observe that the unitary matrix
{ 1√p e
2pi ikl
p }k,l=0,...,p−1 may be taken as U T. Computing the wavelet functions corresponding to
this matrix U , we derive the formulas which were found in [10]: ψ (ν)(x) = χp( νp x)Ω(|x |p),
ν = 1, . . . , p − 1.
Example 4.2. Let s = 2, p = 3. According to Proposition 3.8, we set m0
( k
9
) = 0 if
k is not divisible by 3, and m0(0) = 1, m0( 13 ) = m0( 23 ) = −1. In this case m0(z) =
3−2
(−1+ 2z + 2z2 − z3 + 2z4 + 2z5 − z6 + 2z7 + 2z8), z = e2pi iξ and
φ̂(ξ) =

1, |ξ |p ≤ 13 ,
−1, |ξ − 1|p ≤ 13 ,
−1, |ξ − 2|p ≤ 13 ,
0, |ξ |p ≥ 3.
Thus, the corresponding refinement equation (11) is φ(x) = ∑8k=0 βkφ ( x3 − k9 ), where β0 =
− 13 , β1 = β2 = 23 , β3 = − 13 , β4 = β5 = 23 , β6 = − 13 , β7 = β8 = 23 , and
φ(x) = 1
3
Ω(|3x |p)
(
1− e2pi i{x}3 − e4pi i{x}3
)
=

−1
3
, |x |p ≤ 1
2
3
,
∣∣∣∣x − 13
∣∣∣∣
p
≤ 1
2
3
,
∣∣∣∣x − 23
∣∣∣∣
p
≤ 1
0, |x |p ≥ 9.
(21)
So, we have
B = 1
3
√
3
(−1, 2, 2,−1, 2, 2,−1, 2, 2)T,
and the vectors B, SB, S2 B are orthonormal. We need to extend these three columns to a unitary
matrix
U = (B, SB, S2 B,G1, SG1, S2G1,G2, SG2, S2G2).
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It is not difficult to see that the vectors G1 = 1√3 (1, 0, 0,−1, 0, 0, 0, 0, 0)T, G2 =
1√
3
(1, 0, 0, 1, 0, 0,−2, 0, 0)T are appropriate. The corresponding wavelet functions are
ψ (1) =
√
3
2
(
φ
( x
3
)
− φ
(
x
3
− 1
3
))
,
ψ (2) = 1√
2
(
φ
( x
3
)
+ φ
(
x
3
− 1
3
)
− 2φ
(
x
3
− 2
3
))
.
Substituting (21), we obtain
ψ (1)(x) =

−
√
3
2
, |x |p ≤ 13 ,√
3
2
, |x − 1|p ≤ 13 ,
0, |x − 2|p ≤ 13 ,
0, |x |p ≥ 3;
ψ (2)(x) =

− 1√
2
, |x |p ≤ 13 ,
− 1√
2
, |x − 1|p ≤ 13 ,
√
2, |x − 2|p ≤ 13 ,
0, |x |p ≥ 3.
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